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Abstract 
 
This paper proposes a model reference adaptive control (MRAC) design for vehicle active suspension systems with unknown spring stiffness 

and damping coefficients with the aim of improving the performance of suspension systems. A mathematical model of a half-car active 

suspension system is first presented, then a reference model of a half-car suspension system that utilizes the skyhook damping concept is 

proposed. The control law and adaptation laws for the MRAC that guarantee the dynamic responses of the active suspension system follow 

well the dynamic responses of the reference model, were derived based on the Lyapunov stability criteria. To evaluate the advantages of the 

proposed reference model as well as the efficiency of the designed MRAC, the dynamic responses of the reference model, passive, and active 

suspension systems were analyzed and evaluated both in the frequency and time domains. The obtained results demonstrated that the active 

suspension system with MRAC provides a better performance in terms of the ride comfort and suspension deflection compared with the 

passive suspension system. 
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Symbols 

Symbols Units Description 

Ap, Am, Bp, 

Bm, Cp, 

 
Space state matrix 

Xp, Xm  State vector 

mp, mm kg Vehicle body mass  

Ip, Im kg.m2 Moment inertia  

lf, lr m Distance from front/rear 

wheel to the center of grav-

ity 

kfp, kfm N/m Spring stiffness of 

front/rear suspension 

cfp, cfm N.s/m Damping coefficient of 

front/rear suspension 

csky N.s/m Skyhook damping coeffi-

cient 

Abbreviations 

MRAC Model reference adaptive control 

 

1. Introduction 

Suspension system is a crucial part of vehicle, its main func-

tions include: 1) to isolate the vehicle chassis from road dis-

turbances (ride comfort) and 2) to keep the tire in contact with 

the road surface and to support the vehicle’s static weight 

(road holding) [1]. To improve the ride comfort, it is 

important to attenuate vertical vibrations in the human sensi-

tive frequency range 4 -8 Hz [2, 3] and around the natural fre-

quency of the vehicle body (usually ~ 1.5 Hz) [4, 5]. The ride 

comfort is usually quantitatively evaluated by the vertical ac-

celeration of the vehicle body. Road holding is related to the 

abilities of cornering, braking, and traction during maneuver 

of the vehicle. These abilities depend on the contact forces 

between the road surface and the vehicle tire [6, 7]. Therefore, 

to improve the road holding, it is necessary to minimize the 

tire deflection and suspension deflection variations induced 

by road irregularities, especially around the resonance fre-

quency of the unsprung mass (~ 10 Hz) [1, 8]. However, ride 

comfort and road holding are conflicting performance indexes 

in suspension system control and design [4, 6, 8]. 

Based on the ability of to be controlled, suspension systems 

are classified into three categories: passive suspension, semi-

active suspension, and active suspension. A passive suspen-

sion system consists of fixed-stiffness spring and non-adjust-

able damper, therefore, it is difficult to achieve a desired per-

formance simultaneously of ride comfort and road holding 

[9]. Semi-active suspension systems are equipped with adjust-

able dampers that can provide performance compared with the 

passive system. However, control forces generated by adjust-

able dampers depend on the velocity of suspension deflection 

[6, 8, 10, 11]. In contrast to the passive and semi-active sus-

pension systems, active suspension systems use external (hy-

draulic, electromagnetic or pneumatic) power actuators to 

generate independent forces on the suspension system [12]. 

Consequently, the active suspension system is the most effec-

tive way to improve the vehicle suspension performance and 

various active suspension control techniques have been 
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proposed over the past decades [3, 6, 7, 13-22]. In terms of 

the ride comfort improvement, Erik et al. proposed to use a 

model predictive control to compensate the influence of actu-

ator limitations on the ride comfort [13]. To enhance the ride 

comfort in the human sensitive frequency range (4-8 Hz), the 

H-infinity control technique that aims to minimize H-infinity 

norm in specific frequency band was introduced by Sun et al. 

[3]. A comparative study of different model-based control 

laws for the active quarter car suspension system such as first-

order sliding mode control, high-order sliding mode control, 

integral sliding mode control, PID control, and linear quad-

ratic regulator control was conducted by Shahid and Wei [14]. 

To overcome the conflict between ride comfort and road hold-

ing, a number of control techniques have been presented such 

as hybrid fuzzy logic control [6], robust-based H-infinity and 

mu-synthesis control [15], predictive control based on particle 

swarm optimization algorithm [16], model reference adaptive 

control for the quarter car model [17-19], optimal control with 

exponential decay rate [20], etc. 

In practical vehicle systems, the performance of suspension 

system will be degraded by the variations in the system’s pa-

rameters. For example, changes in suspension damping coef-

ficient that leads to significantly changes in the ride comfort 

and road holding indexes [21]. However, the control tech-

niques mentioned above cannot guarantee a desired suspen-

sion performance under the parameter uncertainties. To ad-

dress this issue, adaptive control techniques are the most suit-

able choice. In [22], the authors proposed an adaptive control 

design for active quarter suspension system, in which the non-

linear spring stiffness and piece-wise damper dynamics are 

assumed to be unknown. A constrained adaptive backstepping 

control scheme for the quarter car active suspension model 

was presented in [23], where the sprung mass is considered as 

an uncertain parameter. Model reference adaptive control 

(MRAC) technique has been proposed in many previous stud-

ies to control active suspension systems [17-19]. In the work 

of Sunwoo et al. [17], MRAC technqique was designed to 

control the quarter car active suspension model where the 

sprung mass, suspension spring stiffness and suspension 

damping coefficient were assumed to be unknown. The ob-

tained results show a significant improvement in term of the 

ride comfort of the proposed active suspension system to com-

pared with the passive system. A variable structure MRAC 

was also proposed by Mohammadi [18] to control a quarter 

car active suspension system. In this work, two skyhook 

dampers were designed for both the sprung mass and un-

sprung mass of the reference model in order to achive an im-

provement in ride comfort and rattle suspension space. To 

deal with non ideal actuator, a tube-based MRAC approach 

agumented by a disturbance observer was developed by 

Mousavi et al. [19] for a quarter car active suspension system. 

However, the MRAC methods mentioned above are restricted 

on the quarter car model where pitch motion of the vehicle as 

well as the delay in road disturbance between the front and 

rear wheels cannot be evaluated.  

In this paper, we proposed a MRAC scheme for the half-car 

active suspension system with fully unknown in spring stiff-

ness and damping coefficients of both front and rear suspen-

sions is proposed. A skyhook damping concept originally pro-

posed by Karnopp et al. [24] is used to develop the reference 

model of a half-car active suspension. An adaptation scheme 

based on Lyapunov stability criteria is developed to guarantee 

that the dynamic responses of the active suspension system 

follow asymptotically the dynamic responses of the reference 

suspension system. Performance of the active suspension sys-

tem (as well as the reference suspension system) are analyzed 

and compared with the passive suspension system in both the 

frequency domain and the time domain. This study contrib-

utes the literature as follows: 

- A conceptual reference model for the half-car suspension 

system. The performance of the proposed reference model 

has been proven to be much better than that of the passive 

model through the dynamic response analysis in both the 

time and frequency domains. 

- An efficient MRAC scheme for the half-car active suspen-

sion system. To our best knowledge, no previous studies 

have applied MRAC to the half-car suspension model. The 

proposed method can accommodate large variations in the 

spring stiffness and damping coefficients of the suspen-

sion system and the simulation results show significant 

improvements over the passive suspension system. 

2. Mathematical modelling 

2.1. Model of a half-car active suspension 

In this current study, to simply the control problem under in-

vesitation, the following assumptions are applied: 

- The nonlinear dynamics such as nonlinear characteristics 

of stiffness and damping are ignored. 

- The actuator dynamic is not discussed, actuator saturation 

is also ignored. 

- All state variables are accessable. 

Based on the above assumptions, a half-car active suspension 

model is depicted in Figure 1.  
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rl

fl

rpk

rpc ru fpk
fpc fu

pz
rpz

rw

fpz

fw

p

pI

 
Figure 1: The half-car active suspension model. 

 

The parameters involved include: the mass of vehicle body is 

pm , the mass moment of inertia for the vehicle body is pI , 

the spring stiffness of the front/rear suspensions are fpk  and 

rpk , respectively, the damping coefficients of the front/rear 

suspensions are fpc  and rpc , respectively, the distances of the 

front/rear suspension location, with reference to the center of 

gravity of the vehicle body are fl  and rl , respectively. Let 

fpz and rpz be the vertical displacements of the vehicle body 

at the front/rear suspension locations, respectively. Let fw  

and rw  are the vertical displacements of the front/rear wheels, 
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respectively. The vertical displacement and the rotary angle 

of the vehicle body at the center of gravity are denoted as pz  

and p , respectively. 

The equations of motion for the vehicle body are given by 

( ) ( )

( ) ( ) ,

p p rp rp r rp rp r r

fp fp f fp fp f f

m z k z w c z w u

k z w c z w u

= − − − − +

− − − − +
           (1) 

( ) ( )

( ) ( ) .

p p rp rp r rp rp r r r

fp fp f fp fp f f f

I k z w c z w u l

k z w c z w u l

  = − − + − − 

 + − + − − 

    (2) 

and the constraints are as follows 

,rp p r pz z l = +            (3) 

.fp p f pz z l = −            (4) 

where ru  and fu  are the control force exerted by controllable 

actuators at the front/rear suspensions, respectively. In this pa-

per, it is assumed that the exact values of these parameters fpk

, rpk , fpc , and rpc  are unknown. It is also assumed that there 

is no limitation on exerting the control forces of the actuators. 

By defining state variables as 
1p rp rx z w= − , 

2p fp fx z w= − , 

3p px z= , and 4 p px = , the equations of motion (1)-(2) can 

be expressed in the state space equation as follows 

 p p p p p= + +X A X B v C u ,          (5) 

where 
T

r fw w =  v , 
T

r fu u =  u , and the matrices 

,p pA B , and pC  are obtained as follows: 

2 2

0 0 1

0 0 1

r

f

rp fp rp fp fp f rp r

p
p p p p

rp r fp f fp f rp r rp r fp f

p p p p

l

l

k k c c c l c l

m m m m

k l k l c l c l c l c l

I I I I

 
 

−
 
 + −
− − − =

 
 

− + − −
 
 

A , 

1 0

0 1

rp fp

p
p p

rp r fp f

p p

c c

m m

c l c l

I I

− 
 

−
 
 
 =
 
 
 −
 
 

B
, 

0 0

0 0

1 1
p

p p

fr

p p

m m

ll

I I

 
 
 
 
 =
 
 
 −
  

C
. 

2.2. Proposed reference model of a half-car suspension 

system 

In order to specify the desired performance of ride quality of 

the suspension system, a skyhook damping system was cho-

sen as the reference model. A skyhook damping model was 

originally introduced by Karnopp et al. [24]. In this work, to 

suppress the vibrations of the vehicle body against road dis-

turbances, an inertial damper is connected between the vehi-

cle body and the stationary sky. Based on this concept, a 

skyhook damping model for a half-car suspension system is 

proposed in Figure 2. 
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Figure 2: The proposed reference half-car model. 

 

The system’s parameters include: the spring stiffness of the 

front and rear suspensions fmk  and rmk , respectively, the 

damping coefficients of the front and rear suspensions crm and 

cfm, respectively, the skyhook damping coefficient skyc , the 

mass moment of inertia for the vehicle body mI , and the mass 

of the vehicle body mm . 

The equations of motion for this model are given by 

( ) ( )

( ) ( ) ,

m m rm rm r rm rm r

fm fm f fm fm f sky m

m z k z w c z w

k z w c z w c z

= − − − −

− − − − −
    (6) 

( ) ( )

( ) ( ) .

m m rm rm r rm rm r r

fm fm f fm fm f f

I k z w c z w l

k z w c z w l

 = − − + −  

 + − + − 

         (7) 

 

and the constraints are 

,rm m r mz z l = +            (8) 

.fm m f mz z l = −            (9) 

As before, we also define the state variables as 1m rm rx z w= −

, 2m fm fx z w= − , 3m mx z= , and 4m mx = , the state space 

equation is obtained as follows: 

,m m m m= +X A X B v         (10) 

where the matrices mA  and mB  are given by 

2 2

0 0 1

0 0 1

r

f

fm sky rm fm fm f rm rrm

m
m m m m

fm f fm f rm r fm f rm rrm r

m m m m

l

l

k c c c c l c lk

m m m m

k l c l c l c l c lk l

I I I I

 
 

−
 
 + + −
− − − =

 
 − +
 − −
  

A , 

1 0

0 1

fmrm

m

m m

fm frm r

m m

cc

m m

c lc l

I I

− 
 

−
 
 

=  
 
 
 −
  

B
. 
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3. Design of an MRAC controller 

The goal of the controller is to bring the state variables of the 

active suspension system (plant) pX  described by (5) asymp-

totically approach the corresponding state variables of the ref-

erence system mX  described by (10) in a short time. In order 

to achieve that goal, an MRAC method was used. In MRAC 

algorithm, the controller’s parameters are adjusted based on 

the error between the desired responses of the reference model 

mX  and that obtained by the plant model pX . To ensure the 

controller’s parameters converge to the ideal values that cause 

the plant’s responses to match the responses of the reference 

model, a Lyapunov stability method was used. In this paper, 

all state variables as well as the vertical velocities of the 

wheels are assumed to be accessible. 

3.1. Dynamics of error 

Let choose the control law as follows: 

x p v= +u K X K v ,         (11) 

where xK  and vK  are adjustable gain matrices. They are 

specified as matrices of size (2x4) and (2x2), respectively. 

Substituting (11) into (5) yields 

( ) ( )p p p x p p p v= + + +X A C K X B C K v .      (12) 

It is obvious that, there would be exist a set of unknown con-

stant gains 
*

xK  and *

vK  such that 

*

p p x m+ =A C K A ,         (13) 

*

p p v m+ =B C K B .         (14) 

Define the error between the states of the plant model and that 

of the reference model as 

.p m= −e X X          (15) 

By considering (10) and (12), the dynamics of error yields 

( ) ( )m p m p p m p= + − + − +e A e A A X B B v C u .     (16) 

Using (11), (13), and (14), the dynamics of error is rewritten 

as follows 

m p p p= + +e A e C ΨX C Φv .        (17) 

where Ψ  and Φ  are defined as: *

x x= −Ψ K K  and 

*

v v= −Φ K K . They are unknown but adjustable gain error matrices. 

3.2. Lyapunov stability and adaptation laws 

In order to derive parameter adjustment laws, we introduce a 

Lyapunov function as follows: 

( ) ( )1 1

1 2tr tr 0T T TV − −= + + e Pe ΨG Ψ ΦG Φ ,      (18) 

where ( )tr   is the trace of matrix operation, 1G  and 2G  are 

the adaptation gain matrices of size (4x4) and (2x2), respec-

tively. They are asymmetric and positive definite.  Derivative 

of V  along the error, we have 

( ) ( )1 1

1 22tr 2trT T T TV − −= + + +e Pe e Pe ΨG Ψ ΦG Φ .   (19) 

Substituting (17) into (19), yields 

( )

( ) ( )1 1

1 2

2

     2 2tr 2tr .

T T T

m m p p

T T T

p

V

− −

= + +

+ + +

e A P PA e e PC ΨX

e PC Φv ΨG Ψ ΦG Φ
  (20) 

Let choose P  as an asymmetric, positive definite matrix and 

a unique solution of the following equation 
T

m m+ =−A P PA Q ,         (21) 

where Q  is a symmetric, positive definite matrix, and to be 

specified by the user. 

Substituting (21) into (20), we obtained 

( ) ( )1 1

1 2

2 2

     2tr 2tr .

T T T

p p p

T T

V

− −

= − + +

+ +

e Qe e PC ΨX e PC Φv

ΨG Ψ ΦG Φ
      (22) 

If we choose Ψ  and Φ  such that 

1

T T

p p= −Ψ C PeX G ,         (23) 

2 ,T T

p= −Φ C Pev G          (24) 

then, we have 

( ) ( ) ( )

( )

1 1

1 1 12tr 2tr 2tr

2tr 2 .

T T T

p p p p

T T

p p p p

− −= − = −

= − = −

ΨG Ψ ΨG G X e PC ΨX e PC

e PC ΨX e PC ΨX

(25) 

Similarly, we can write 

( )1

22tr 2 .T T

p

− = −ΦG Φ e PC Φv                              (26) 

Substituting (25) and (26) into (22), finally, we obtain 

0TV = − e Qe .         (27) 

By the Lyapunov stability theorem [25], conditions (18) and 

(27) ensure that the state error e , and parameter gain error 

matrices Ψ , Φ  are stable in the sense of Lyapunov. Further-

more, if we choose the matrices P  and Q  as strictly positive 

definite matrices, then e , Ψ , and Φ  will converge asymp-

totically to zero. 

Finally, it is noted that x=Ψ K  and 
v=Φ K , the parameter 

adjustment laws are obtained as follows: 

1

T T

x p p= −K C PeX G ,        (28) 

2

T T

v p= −K C Pev G .         (29) 

The controlled system scheme is depicted in Figure 3. 

 

m m m m= +X A X B v

p p p p p= + +X A X B v C ux p v= +u K X K v
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u

v
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T T

x p p= −K C PeX G

2

T T

v p= −K C Pev G

xK

vK

e

Controller

Reference model

Plant model

Adaptation laws

+
-

 
Figure 3: The MRAC scheme of active suspension system. 

4. Results and discussions 

We will first analyse the performance of the proposed refer-

ence system based on the comparison with the performance of 

the passive suspension system. Note that the half-car passive 

suspension model can be obtained from (4) by setting control 

signals u = 0. The frequency-domain analysis was performed 

to investigate the dynamic responses of both the reference and 

passive models, where the parameters of these two models are 

given in Table 1. The parameters of the passive system are 
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assumed to be unknown in practice. For simulation, we may 

select 
p mm m= , p mI I=  , 

rp rm rl I l= = , 
fp fm fl I l= = , the 

spring stiffness ( fpk , rpk ) and the damping coefficients ( fpc , 

rpc )  of the front/rear suspension of the passive system are 

varied up to 30% from these parameters of the reference sys-

tem, as shown in Table 1. In the following simulations, we 

consider 6 cases of these parameters of the passive system as 

follows: 

- Case 1: crp = crm, cfp = cfm, krp = krm, kfp = kfm, 

- Case 2: crp = crm + 0.3crm, cfp = cfm + 0.3cfm, 

- Case 3: crp = crm - 0.3crm, cfp = cfm - 0.3cfm, 

- Case 4: krp = krm + 0.3krm; kfp = kfm + 0.3kfm, 

- Case 5: krp = krm - 0.3krm; kfp = kfm - 0.3kfm, 

- Case 6: krp = krm + 0.3krm, crp = crm - 0.3crm. 
Table 1: Parameter values of the reference and the passive/active suspen-

sion systems 

Description Units 

Values 

Reference 

model 

Passive/active 

model 

Vehicle body mass kg mm = 850 mp = 850 

Moment inertia of the 

vehicle body 
kg.m2 Im = 1250 Ip = 1250 

Distance between the 

center of gravity and 

the front suspension 

m lf = 1.18 lf = 1.18 

Distance between the 

center of gravity and 

the rear suspension 

m lr = 1.56 lr = 1.56 

Spring stiffness of the 

front suspension 
N/m kfm = 25000 kfp = kfm ± 0.3kfm 

Spring stiffness of the 

rear suspension 
N/m krm = 28000 krp = krm ± 0.3krm 

Damping coefficient 

of the front suspen-

sion 

N.s/m cfm = 1750 cfp = cfm ± 0.3cfm 

Damping coefficient 

of the rear suspension 
N.s/m crm = 1550 crp = crm ± 0.3crm 

Skyhook damping co-

efficient 
N.s/m csky = 4000  

Except for the parameters mentioned above, the remaining pa-

rameters of the passive system are chosen to be the same as 

those of the reference system. 

The frequency responses of the vehicle body vertical acceler-

ation ( z ) with respect to the derivative of vertical displace-

ments of the front wheel ( fw ) and the rear wheel ( rw ) are 

shown in Figure 4(a) and Figure 4(b), respectively. It can be 

seen from Figure 4 that the magnitude of the vehicle body ver-

tical acceleration of the reference system (solid line) is smaller 

than that of all passive systems (dotted lines) over a large fre-

quency range, especially around the nature frequency of the 

vehicle body (~ 1.5 Hz) and in the human sensitive frequency 

range (4-8 Hz) [2]. This also means that the reference system 

exhibits better ride comfort compared with all passive sys-

tems. 

Figure 5 shows the frequency responses of the suspension de-

flection ( z w− ) with respect to the derivative of vertical dis-

placements of the wheel ( w ) for the reference system (solid 

line) and all passive systems (dotted lines). The figures show 

that the reference system provides a smaller magnitude of the 

suspension deflection around the natural frequency of the ve-

hicle body ((~ 1.5 Hz) than that of passive systems. In the high 

frequency region (above 2 Hz), the reference system is ob-

served to have the same magnitude of suspension deflection 

as passive systems. However, this magnitude is larger than 

that of passive systems in the low frequency region (below 0.8 

Hz). 

 
(a) 

 
(b) 

Figure 4: Frequency responses of vehicle body vertical acceleration with 

respect to the derivative of vertical displacement of a) front wheel, and b) 

rear wheel (solid line - reference system, dotted lines – passive system). 

 
(a) 

 
(b) 

Figure 5: Frequency responses of suspension deflections at a) the front 
wheel and b) the rear wheel with respect to the derivative of vertical dis-

placement of the front wheel and rear wheel, respectively, (solid line - refer-

ence system, dotted lines – passive system). 



Measurement, Control and Automation 27 

 

Next, the effectiveness of the proposed MRAC scheme for the 

active suspension system will be examined. To verify the 

adaptability and robustness of the control system, many dif-

ferent cases that correspond to the variations in the spring 

stiffness and damping coefficients (Case 1 to Case 6 as men-

tioned above) of the active system were simulated. 

In this simulation, a variable road profile following ISO-2361 

was used [26], as follows: 

0 0( ) 2 ( ) ( ) ( )qw t vn w t G v t + =  ,       (30) 

where v is a constant vehilce velocity, n0 is the reference spa-

tial frequency defined as 0 0.1n = (cycle/m), ( )0qG   is the 

coefficient of road roughness, and ( )t  is a time-domain 

white noise. When the vehicle travels at a speed v = 20 m/s 

under a grade-poor road ( ( ) 6 3

0 256 10qG m− =  ), the time 

series of the road disturbance is depicted as in Figure 6.  

 

 
Figure 6: Time course of a grade-poor road. 

 

Since the distance between the front wheel and the rear wheel 

is 2.74f rl l+ =  m, therefore, a time delay of 0.137 seconds 

was applied to the rear wheel disturbance (i.e., 

( ) ( 0.137)r fw t w t= − . 

 The obtained results show that the trajectory of the active 

system follows well the trajectory of the reference one. To 

analyze in more detail, the simulation results for Case 2 (i.e., 

both damping coefficients of the front and the rear suspen-

sion of the active system were increased up to 30% from the 

nominal values of the reference system) are shown in Figure 

7 to Figure 12.  

To make sure the convergence of the active suspension’s re-

sponses to that of the passive suspension system based on 

the control scheme depicted in Figure 3, the matrices Q, P, 

G1, G2 must be chosen properly (some trail and error is 

needed). In this simulation, we first chose Q as the identity 

matrix (i.e., 4=Q I ). Solving the Lyapunov equation (21), 

we obtain 
[1.931 -0.1715 0.0117 0.005; -0.1715 2.2936 0.0049 -0.0128;

     0.0117 0.0049 0.0603 -0.0037; 0.005 -0.0128 -0.0037 0.1056]

=P
 

Then, after some efforts, the values of matrices G1 and G2 

are selected as 
6

1 10 [200 10 5 1; 10 50 6 7; 5 6 60 10; 1 7 10 70]= G , 

4

2 5 10 [5  1; 1  10]=  G . 

Figure 7 shows the errors between states of the active system 

and the reference model. It is clear that the active suspension 

system incorporated with MRAC follows well the dynamic 

response of the reference model. The convergence of the ad-

aptation gains Kx and Kv is presented in Figure 8 and Figure 

9, respectively. 

 
 

Figure 7: State errors between the reference model and the active system
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Figure 8: Convergence of the controller gains, Kv. 

 

Figure 9: Convergence of the controller gains, Kx. 

The time responses of the vehicle body vertical accelerations 

and pitch angle of the active suspension system (solid line) 

and the passive system (dotted line) over the road input de-

fined above is depicted in Figure 10 and Figure 11, respec-

tively. It is revealed that the active suspension system has sig-

nificantly improved the ride comfort compared with the pas-

sive system in terms of reduction the magnitude of vehicle 

body vertical acceleration and pitch angle. 

 
Figure 10: Vehicle body vertical accelerations (solid line – active system, 

dotted line - passive system). 

 
Figure 11: Pitch angle of the vehicle body (solid line – active system, dot-

ted line - passive system). 

The comparison of the suspension deflections at the front/rear 

wheel between the active system and the passive one is shown 

in Figure 12, in which the solid lines are for the active system 

and the dotted lines are for the passive system. To quantita-

tively evaluate the performance of the active suspension sys-

tem with MRAC, root mean square values of the body vertical 

acceleration, suspension deflection of both passive and active 

system were calculated, and the obtained results are shown in 

Table 2. It can be seen from Table 2 that compared with the 

passive suspension system, the active system with MRAC can 

improve the ride comfort in term of vehicle body vertical ac-

celeration by 45.51% and in term of pitch angle by 13.25%. 

The suspension deflections at the front wheel and the rear 

wheel are also improved by 18,09% and 34.42%, respectively. 

 

 
(a) 

 
(b) 

 
Figure 12: Suspension deflections at a) the rear wheel and b) the front 

wheel (solid line – active system, dotted line - passive system). 
 

Table 2: Root mean square values of suspension performance indexes. 

 

Suspension perfor-

mance index 

Passive 

system 

(Case 2) 

Active 

system 

with 

MRAC 

Improvement 

Body vertical accelera-

tion (m/s2) 

2.6118 1.4232 45.51% 

Suspension deflection 

at front wheel (m) 

0.0199 0.0163 18,09% 

Suspension deflection 

at rear wheel (m) 

0.0183 0.0120 34,42% 

Pitch angle (rad) 0.0083 0.0072 13.25% 

5. Conclusion 

This paper presented a MRAC for the half-car active suspen-

sion systems with unknown spring stiffness and damping co-

efficients. A reference model for the half-car suspension sys-

tem was proposed. The Lyapunov stability criteria was uti-

lized for the MRAC design. The responses in the frequency 

domain show that the reference model provides better perfor-

mance in terms of the ride comfort and suspension deflection 
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than all the passive suspension systems with spring stiffness 

and damping coefficients were varied up to 30% from the 

nominal values of the reference system. The convergence of 

the dynamic responses of the active suspension system incor-

porated with MRAC to that of the reference model was veri-

fied by numerical simulations in the time domain. The ob-

tained results in the time domain are also revealed that the 

performance of the active suspension system with MRAC 

(i.e., vehicle body vertical acceleration, pitch angle, and sus-

pension deflection) has been significantly. To implement the 

MRAC in practice, futher studies are required to examine re-

alistic phenomena such as nonlinearity, uncertainty, physical 

limitations, etc. Also, the effects of tire dynamics and full-car 

model should be considered. 
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