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Abstract 
 

Presently, shunt reactors (SRs) play a crucial role in addressing power quality issues. These SRs are designed to mitigate the reactive 

power in the system, manage high voltages, suppress power frequency fluctuations, regulate over-voltage, eliminate excitation in generators 

and dynamically compensate for transmission line power charges. The application of the finite element method (FEM) in the design of SRs 

has been recently presented by many researchers, particularly in both no-load and full-load conditions. However, its utilization in the 

manufacturing of electrical SRs remains relatively limited. In this study, it is split into two main steps. First, an analytical design is proposed 

to define the desired parameters with affects of different flux air gaps. Then, a finite element approach is introduced to simulate magnetic 

field quantities (such as  inductance, fringing flux, magnetic flux density, electromagnetic force, current, voltage) of the SRs. The development 

of the methods is validated on the practical SR of 16 MVar, and a voltage of 500/√3. 
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1. Overview 

To prevent overvoltage phenomena and maintain stable 

voltage at the end of transmission lines with a voltage rating 

of 110kV or higher during light or no-load system operation, 

shunt reactors (SRs) are employed to absorb and balance 

reactive power. Recently, many researchers have conducted 

numerous studies on shunt reactors, as follows: 

In reference [1], a research group utilized the finite ele-

ment method (FEM) to compute and analyze the reactance of 

SRs to establish the relationship between the total reactance 

and the leakage reactance between core blocks. In reference 

[2], an analytical method was developed to calculate the 

geometric parameters of the core and winding of SRs. The ob-

tained results were compared to the FEM. In reference [3], 

[4], the authors applied the FEM to provide a solution for 

reducing losses caused by eddy currents in the winding of SR 

by optimizing the air gap along the winding. This paper also 

investigated the fringing and leakage fluxes around the air 

gaps. In reference [5], the authors presented a method for 

calculating the air gap impedance in the magnetic circuit of 

the shunt reactor through the "Schwarz-Christoffel" 

transformation.  

Despite many researchers have applied the FEM for 

computation, analysis, and modeling of the electrical 

parameters of SRs, assessing the impact of electromagnetic 

forces on the core block, however it still remains a significant 

challenge for researchers and reactor manufacturers when 

considering the flux air gaps on the output parameters of SRs. 

In this study, it is split into two main steps. First, an 

analytical design is proposed to define the desired parameters 

with affects of different flux air gaps. Then, a finite element 

approach is developed to simulate inductances, leakage and 

fringing fluxes, magnetic flux density and electromagnetic 

force with different flux air gaps. The development of the 

methods is validated on the practical SR of 16 MVar, and a 

voltage of 500/√3. 

In the first section, the problem statement is introduced, as 

previously described. The second section shows the modeling 

of a SR with one flux air gap. The third section  presents the 

analtyical approach to defined the required parameters of the 

SR. The fourth section develops the FEM with magnetic vec-

tor potential formulations to calcualte electromagnetic 

parameters. The fifth section gives a practical test of SR to 

validate the theory developed by the two proposed methods. 

The final section  summarizes the obtained results. 

2. Model of a single phase SR 

The model of single-phase SR used in the transmission grid 

system is depicted in Figure 1 [3].  To reduce the fringing and 

leakage fluxes appearing in the vicinity of core blocks and  

also avoid saturation of the SR, the core blocks usually divide 

into several flux air gaps with significant lengths as already 

presented in [4]. However, the extensive length of these air 

gaps results in the presence of significant leakage flux and 

stray magnetic flux around the air gaps, causing the the main 

magnetic flux to decrease. Therefore, to mitigate this leakage 

flux component, instead of using a single flux air gap with a 
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large thickness, it is necessary to divide the air gap into 

smaller flux air gaps with maintaining the total length of the 

gaps constant as shown in Figure 1. This approach increases 

the reluctance around the air gap region and reduces the 

leakage and fringing fluxes. However, dividing a large flux 

air gap into smaller flux air gaps implies segmenting a long 

core block into smaller sections, which in turn impacts the 

structural integrity of the magnetic circuit SR. The flux air 

gaps along the core blocks depend on the key parameters of 

the reactor, such as reactive power, magnetic flux density, 

inductance, energy stored in the winding space and the flux 

air gaps. These air gaps can be determined using an analytical 

model 

 
Figure 1. Model of a single phase SR [3]. 

 

Figure 2. Fringing flux for an air gap along the core block [4]. 

 

3. Analytical approach 

3.1. Computation of fringing flux of the SR 

In this part, the main parameters of the single phase SR are 

defined via an analytica approach. Based on Figure  2, for a 

single flux air gap along the core block is considered. The 

magnetomotive force (MMF) is defined via the Ampere law, 

i.e., [2]-[5]: 

F = ∮H. dl = H. (lk + π. r)                                              (1) 

where H is magnetic field intensity, lk is the flux air gap 

thickness of the core block and r is the radius of 

fringing/leakage flux. The magnetic flux density (B) can be 

computed as: 

B =
μo. F

(lk + π. r)
                                                      (2) 

The fringing flux (ϕfring∗) around the single flux air gap of 

core block is then defined:  

ϕfring∗ =
∫BdS

𝐹
=  ∫

μo
(lk + π. r)

lcy
2

0

dcdr 

= 
μo.Ds

π
ln (1 +

π.
lcy

2

lk
)   (3)  

It should be noted that the shape of core is the cylinder, for 

that it gets dc =  πDs. For that, the  equation (3) becomes as  

ϕfring∗ = μo. Ds. ln (1 +
π. lcy

2. lk
)                             (4) 

 

Figure 3. Model of several flux air gaps along the core blocks. 

 

For the several flux air gaps as pointed out in Figure 3, the 

MMF is now defined as [6]-[10]: 

F = ∮H. dl = H. ((g − 1)l𝑠 + glk + π. r),                    (5) 

where ls is the thickness of core block and g is the lenght of 

fringing flux and lk is the thickness of flux air gap. In the same 

way,  the term B can be calculated:  

B =
μo. F

((g − 1)ls + glk + π. r)
              (6) 

The fringing flux (ϕfring∗∗) around the several flux air gaps is 

then defined:  

ϕfring∗∗ =
∫BdS

𝐹
=  ∫

μo
((g − 1)ls + glk + π. r)

lcy

0

πDsdr

=
μo. Dc
π

. ln (1 +
π. lcy

(g − 1)ls + glk
)     (7) 

3.2. Determination of main dimensions of the SR 

       In this part, the single phase SR of 16 MVar, the voltage 

(U) of 500/√3, frequency of 50 Hz, is considered. The model 

of this SR is already given in Figure 1. The electromagnetic 

force (EMF) and the electric current can be defined as [3], [6]-

[12]: 

E = (
2π

√2
) . f. N. ϕm = (

2π

√2
) . f. N. Bm. Ak       (8) 

I =
. Rg

N
= (

1

√2
)
Bm. lg

μ0. N
,                                  (9) 

where: 

- ϕm  is the maximum magnetic flux,  

- Bm is the maximum flux density,  

- Ak is the area of the air gap,  

- lg is the length of the air gap, 
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- Rg air gap reluctance and air permeability. 

- μ0 is the permeability an N is the turn number.  

Based on the equations (8) and (9), the volume (Vk) of the 

flux air gap is determined as: 

Vk = Ak. lk =
Q

π
μ0
. f. Bm

2
.                            (10) 

The dimension of core block can be defined via the area of the 

flux air gap, that is 

Dc = √
4. Ak
π
                                 (11) 

From the equation (11), the deep yoke (Dy) and the high yoke 

(Hy) of core block can be then defined as: 

Dy = Dc, Hy =
Ak

2.Dy
.                               (12 a-b) 

The inductance of winding can be calculate via the expression 

[3]-[5]: 

L = N2. μ0. (
Ak
lk
) =

(

 
 
√

L

μ0. (
Ak
lk
)

)

 
 

2

.ϕg                          (13) 

The magnetic conducting taken the fringing flux into 

account is expressed as 

ϕgf
=
ϕg + ϕfring∗ + gϕfring∗∗

g
                        (14) 

The turn number is finally written via the term, i.e 

N = √
L

ϕc + ϕgf

                                              (15) 

Based on the analytic theory developed as above, the 

analytic results of the proposed SR of 16 MVar are given in 

Table 1:  

 

Table 1. Analytical results 

Parameters Symbol Value 

Reactive power Q (MVAr) 16 

Rated voltage U (kV) 500/√3 

Rated current I (A) 55.25 

Total inductance Ltotal (H) 16.6 

Fringing induct-

ance 

Lfringing (H) 5.15 

Gap inductance Lgap (H) 10.27 

Core dimension Ds (mm) 572 

Height of core Hs (mm) 1534 

Total air gap lk (mm) 256 

Turn number N (turn) 2853 

Width of winding Wd (mm) 211 

Height of wind-

ing 

Hd (mm) 1264 

Gaps g 5 

4. Finite element method 

4.1. Maxwell’s equation 

In this contex, the FEM is proposed to simulate and 

compute the inducances, magnetic field density and 

electromagnetic forces with the different flux air gaps in the 

proposed SR. The general set of Maxwell’s equations defined 

in a studied domain Ω and its boundary (𝜕Ω ≡ Γ) are given as  

[13]-[18]:  
 curl 𝒆 = −𝜕𝑡𝒃    in   Ω,                        (16) 

      curl 𝒉 = 𝒋𝑠           in   Ω𝑠,                      (17) 

div 𝒃 = 0              in   Ω,                       (18) 

where fields of e, b, h, 𝒋𝑠 are respectively the electric field 

(V/m), magnetic flux density (Wb), magnetic field intensity 

(A/m) and electric current density (A/mm2). These fields 

satify function spaces defined inthe Tonti’s diagram [11], that 

is, 𝒆 ∈ 𝑯𝑒(curl;Ω), 𝐣 ∈ 𝐇(div;Ω), 𝒉 ∈ 𝑯ℎ(curl;Ω),  𝒃 ∈
𝑯𝑒(div;Ω). It should be noted that Ω = Ω𝑐 ∪ Ω𝑐

𝐶 , where  Ω𝑐 
is the conductive domain and Ω𝑐

𝐶  is the non conductive 

domain. 

     The equations from (16) to (18) are solved with the 

behavior laws and the boundary conditions (BCs), i.e., 

𝒃 = 𝜇𝒉,   𝒋 = 𝜎𝒆.                 (19 a-b) 

𝒏 ∙ 𝑩|Γ𝑒 = 0, 𝒏 × 𝑯|Γℎ = 0,  (20 a-b) 

where parameters 𝜇 and 𝜎 are respectively the permeability 

and electric conductivity, and 𝒏 is the normal unit.  

     The magnetic flux density 𝒃 is presented via the magnetic 

vector potential (a), i.e, 𝒃 =  curl 𝒂. Thus, the equation (16) 

is presented via the electric scalar potential (υ)  

𝒆 = −𝑗𝜔 𝑨 − gradυ.                  (21) 

But, in 𝛺𝑐, the υ is fixed to be zero [18]. 

4.2. Weak finite element formulations  

The weak formulations for magnetic vector potential (a) is 

written based on the Maxwell’s equations from (16) –(17), be-

havior laws (19 a-b), BCs (20a-b) and equation (22) [18]:  

∫𝜇−1curl 𝐚 ∙ curl 𝐰′𝑑Ω
𝛺

+ j∫ (2𝜋𝑓𝜎𝐚 ∙ 𝐰′)𝑑Ω𝑐
𝛺𝑐

 

+∫ (𝜎gradυ ∙ 𝐰′)𝑑Ω𝑐
𝛺𝑐

+∫ (𝒏 × 𝐇) ∙ 𝐰′𝑑Γℎ
Γℎ

 

= ∫ (𝐣𝒔 ∙ 𝐰
′)𝑑Ω𝑠𝛺𝑠

, 𝐰′ ∈ 𝑯𝑒
0(curl; Ω),  (22) 

where 𝒘′  is the test function given in a function space 

𝑯𝑒
0(curl; Ω).  

   The trace of magnetic field is achievable, especially under 

conditions such as a homogeneous Neumann BC. This is ex-

emplified by imposing a symmetry condition like "zero cross-

ing current" or considering a perfect magnetic wall with infi-

nite magnetic permeability. When the applied voltage is con-

sidered as global quantities, the υ can be defined as: 

υ =  ∑𝑉𝑖𝑣𝑠,𝑖
𝑖

                            (23)  

where 𝑣𝑠,𝑖 is a basic function υ and  𝑉𝑖 is the voltage drop on 

the electrodes [18]. 

By substituting (23) into (22), the equation (22) becomes: 

∫𝜇−1curl 𝐚 ∙ curl 𝐰′𝑑Ω
𝛺

+ j∫ (2𝜋𝑓𝜎𝐚 ∙ 𝐰′)𝑑Ω𝑐
𝛺𝑐
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+∫ (𝜎grad ∑𝑉𝑖𝑣𝑠,𝑖
𝑖

∙ 𝐰′)𝑑Ω𝑐
𝛺𝑐

+∫ (𝒏 × 𝐇) ∙ 𝐰′𝑑Γℎ
Γℎ

 

= ∫ (𝐣𝒔 ∙ 𝐰
′)𝑑Ω𝑠𝛺𝑠

, 𝐰′ ∈ 𝑯𝑒
0(curl; Ω),  (24) 

4.3. Discretization of fields 

The fields a and 𝜐 in the equation (24) are discreted via the 

edge and node elements, i.e., [13]. 

𝐚 = ∑ ae𝑠𝑒 +∑ ae𝑠𝑒𝑒∈𝐸(Ω𝑐
𝐶)\𝐸(𝜕𝛺𝑐)

,𝑒∈𝐸(𝛺𝑐)
   (25) 

υ𝑠 = ∑ υ𝑛𝑛∈𝑁(Γℎ)
,   (26) 

where 𝐸(𝛺𝑐) and 𝐸(Ω𝑐
𝐶) are the set of element edges of Ω, 𝑠𝑒  

is the basic function linked to edge e, and ae is the circulation 

of a along edge e in Ω. The 𝑁(Γℎ) is the set of nodes defined 

in the BCs. 

    The associtation of equations (24), (25) and (26), the dis-

creted equation is written as: 

∫ 𝜇−1 (curl ∑ ae𝑠𝑒
𝑒∈𝐸(𝛺𝑐)

∙ curl 𝐰′)𝑑𝛺
𝛺

 

+∫ (𝜇−1 ∑ ae𝑠𝑒
𝑒∈𝐸(Ω𝑐

𝐶)\𝐸(𝜕𝛺𝑐)

∙ curl 𝐰′)𝑑𝛺
𝛺

 

+∫ 𝜎 ∑ ae𝑠𝑒
𝑒∈𝐸(𝛺𝑐)

∙ 𝐰′𝑑𝛺𝑐
𝛺𝑐

 

+∫ (𝜎 ∑ ae𝑠𝑒
𝑒∈𝐸(Ω𝑐

𝐶)\𝐸(𝜕𝛺𝑐)

∙  𝐰′)𝑑𝛺𝑐
𝛺𝑐

 

+ 𝑗 ∫ (2𝜋𝑓𝜎 grad ∑  υ𝑛
𝑛∈𝑁(Γℎ)

∙ grad ∑𝑉𝑖𝑣𝑠,𝑖
𝑖

)𝑑𝛺𝑐
𝛺𝑐

= ∫(𝐣𝒔 ∙ 𝐰
′)𝑑Ω𝑠

𝛺

                                  (27) 

5. Numerical test 

In this part, a test problem is a single-phase SR of 16 MVar 

and a voltage of 500/√3 and freqency of 50 Hz. The electro-

magnetic parameters are now computed via the FEM, where 

the required results from the analytical approach are already  

given in Table 1. The geometry of a single phase SR is pre-

sented in Figure 4.  

Figure 4. 3D model of a single phase high voltage SR. 

The 3-D coarse mesh with edge and node elements is pointed 

out in Figure 5. The waveform of phase electric current 

distribution in the winding is shown in Figure 6. The distribu-

tion of magnetic vector potential due to the current flowing in 

the winding is presented in Figure 7. It can be seen that if the 

large air gap is divided into smaller air gaps, the fringing flux 

is evenly distributed in the flux air gaps along the core blocks 

and height of the winding without focussing on a single flux 

air gap. The maximum value reaches 1.226x10-7 (Wb/m).  

Figure 5.  3D mesh of a single phase high voltage SR. 

Figure 6. Waveform of electrical current distribution in the winding. 

Figure 7. Distribution of magnetic flux density on B. 

 

 The distribution of fringing, air gap and total inductances is 

illustrated in Figure 8. The obtained results indicated that 

when the material used for the winding has a high permeabil-

ity, and the air gap is sufficiently small, the flux density is 

mostly distributed in the core block without appearing the 

leakage or fringing flux. However, if the SR is designed with 
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one flux air gap intentionally at the core center with a large 

thickness, the magnetic flux leakage will be significant, re-

sulting in a high reactive impedance and adversely affecting 

the performance of the magnetic core inductance [7]. There-

fore, a large flux air gap divided into multiple smaller gaps 

will reduce the fringing and leakage flux along the core 

blocks. In order to overcome this difficulty as mentioned in 

[7], in this paper, instead of using a large flux air gap at the 

core center, it will be divided into five flux air gaps as shown 

in Figure 9.  

Figure 8. Distribution of air gap, fringing and total inductances. 

 

Figure 9. Model of the SR with five flux air gaps. 

 

Figure 10 illustrates the distribution of magnetic flux density 

with five flux air gaps for the different positions along the 

winding and core blocks: T1T2, T3T4, T5T6, and T7T8. The 

magnetic flux density on the cut T5T6 decreases by 0.48 T 

compared to the case with a single air gap [7]. However, after 

five flux air gaps, this value mostly does not change. 

     Figure 11 presents the distribution of magnetic flux density 

along the segment Y1Y2 and M1M2. This result has indicated 

a variation in the percentage of leakage flux compared to the 

total flux value for the case of four flux air gaps (14 times). If 

the number of flux air gaps is increased to 5, the magnetic flux 

density along the segment Y1Y2 tends to be relatively uni-

form, and the leakage flux density through the air gaps signif-

icantly decreases. 

 

 

 

 

Figure 10. Distribution of magnetic flux density in air gaps along and 

across core blocks at the different positions T1T2, T3T4, T5T6 and T7T8 
(see Figure 9).  

Figure 11. Distribution of magnetic flux density in air gaps and across core 

blocks at the different positions Y1Y2 and M1M2 (see Figure 9).  

 

The distribution of electromagnetic force on the core blocks 

(K1K2) with five flux air gaps is pointed out in Figure 12. The 

value decreases by 1.03 times compared to the scenario with 

four flux air gaps, and this value remains relatively stable 

compared to the case with 4 air gaps (1.07 times). 
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Figure 12. Distribution of electromagnetic force on the core block 
(K1K2) with five flux air gaps. 

6. Conclusion 

In this article, the combination of the two methods (analytical 

method and FEM) has been successfully developed for the 

single phase high voltage SR. The paper has investigated the 

distribution of magnetic vector potential in a single flux air 

gap, the magnetic flux density in five flux air gaps along and 

across the core blocks of the SR, and the electromagnetic 

forces acting on the core blocks as well. Via the simulated 

results, the division of the large flux air gap into the smaller 

air gaps has reduced the leakage and fringing flux in the flux 

air gaps. In particular, it can be shown that the 

electromagnetic forces acting on the upper and lower surfaces 

of the core blocks are in the same direction but opposite in 

magnitude, and approximately equal. Based on the obtained 

results, it will serve as reference data to assist designers and 

manufacturers to enhance and reinforce the structure of the 

partition plates between core blocks before production. 

Specifically, it has provided an appropriate choice of density 

for the steel core to reduce the electromagnetic forces acting 

on the surface of the core blocks and the surfaces of the 

partition plates between the core blocks. This will aid in 

optimizing the design and operation of SR to ensure the 

stability and performance of the electrical system. 
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