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Abstract

The double inverted pendulum on a cart (DIPC) is a classical benchmark in nonlinear control due to its high instability, underactuated structure,
and complex dynamic behavior. Traditional control approaches, such as Linear Quadratic Regulators (LQR) or conventional Sliding Mode
Control (SMC), often face limitations in robustness and dynamic decoupling when applied to such systems. In response to these challenges,
this study presents a Decoupled Backstepping Sliding Mode Control (DB-SMC) strategy that integrates the systematic design framework of
backstepping with the robustness properties of sliding mode control. By introducing intermediate virtual control surfaces, the DB-SMC method
effectively decouples the dynamics of the cart and the two pendulums, simplifying controller design and improving system stability. The
control law is derived using Lyapunov stability theory to ensure convergence and robustness in the presence of uncertainties. Simulation results
demonstrate that the proposed method achieves fast convergence, reduced overshoot, and strong disturbance rejection compared to traditional
methods. The effectiveness of the DB-SMC controller highlights its potential for broader applications in nonlinear and underactuated systems.
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1. Introduction

Inverted pendulum systems have long served as a
fundamental benchmark for evaluating advanced control
algorithms due to their nonlinear, underactuated, and inherently
unstable nature [1, 2]. Among these, the double inverted
pendulum on a cart (DIPC) represents a particularly
challenging configuration, as it involves controlling two
interconnected pendulum arms mounted atop a mobile cart
[3, 4, 5, 6]. This structure introduces strong coupling between
subsystems and increases the control complexity, making it
an ideal testbed for validating robust and intelligent control
strategies.

The practical relevance of the DIPC model extends beyond
academic curiosity. It serves as a simplified abstraction of
complex engineering systems such as walking robots [7], crane
systems [8, 9, 10], satellite attitude control [11], and multi-
link robotic manipulators [12]. As such, developing reliable
control schemes for the DIPC not only advances theoretical
understanding but also contributes to the broader field of
modern automation and robotics.

Traditional linear control techniques such as Proportional-
Integral-Derivative (PID) controllers [13, 14] and Linear
Quadratic Regulators (LQR) [15, 16, 17] offer relatively
straightforward implementation. However, their performance
significantly deteriorates in the presence of system
nonlinearities, parameter variations, and external disturbances.
To overcome these drawbacks, nonlinear control approaches
have been extensively investigated, including energy-based
methods, feedback linearization, and fuzzy logic controllers.

Among the nonlinear strategies, Sliding Mode Control
(SMC) has gained popularity for its inherent robustness against

model uncertainties and external perturbations [18, 19, 20,
21]. Nevertheless, classical SMC is often associated with
chattering which may lead to undesirable vibrations or even
actuator damage. Additionally, SMC does not inherently offer
a systematic framework for handling multi-state or hierarchical
systems like the DIPC.

In contrast, backstepping control provides a recursive
design methodology tailored for strict-feedback nonlinear
systems [22, 23]. It facilitates the construction of stabilizing
control laws based on Lyapunov functions at each step.
However, pure backstepping approaches may lack the
robustness required in real-world applications, particularly
when dealing with unmodeled dynamics or abrupt external
forces.

To harness the strengths of both techniques, this paper
proposes a hybrid control framework known as Decoupled
Backstepping Sliding Mode Control (DB-SMC). This approach
merges the robustness and disturbance rejection of SMC with
the systematic design process of backstepping control. By
introducing virtual control surfaces, the DB-SMC method
decouples the system’s dynamics and facilitates hierarchical
control design. The control laws are developed to ensure
asymptotic stability of all state variables, and the design is
validated using Lyapunov stability analysis.

The effectiveness of the proposed DB-SMC controller
is evaluated through numerical simulations. The results
demonstrate improved stabilization performance, fast
convergence, and strong robustness under a variety of
initial conditions and system uncertainties. These findings
highlight the suitability of the proposed method for practical
implementation in complex underactuated systems.

The remainder of this paper is organized as follows.
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Hình 1: The double inverted pendulum on a cart.

The equations of motion for the double inverted pendulum
are derived using Lagrange’s method, expressed as:

d
dt

(
∂L
∂ ϕ̇

)
− ∂L

∂ϕ
= Q (1)

where L is the Lagrangian defined by the difference
between kinetic energy T and potential energy P:

L = T −P (2)

and Q represents generalized external forces and torques
acting on the system.

The generalized coordinates for describing the double
inverted pendulum system are represented as:

ϕ =
[
x0 ϕ1 ϕ2

]T (3)

where x0 denotes the horizontal displacement of the cart, and
ϕ1,ϕ2 represent the angular displacements of the first and
second pendulums, respectively.

The positions and velocities of both pendulums are
functions of the cart position x0, pendulum lengths L1,L2, and
their respective angular positions ϕ1,ϕ2. Utilizing Lagrange’s
equations, the system’s equations of motion can thus be derived

and written explicitly as follows:

d
dt

(
∂L
∂ ẋ0

)
− ∂L

∂x0
= u (4)

d
dt

(
∂L
∂ ϕ̇1

)
− ∂L

∂ϕ1
= 0 (5)

d
dt

(
∂L
∂ ϕ̇2

)
− ∂L

∂ϕ2
= 0 (6)

The dynamic equations governing the motion of the system are
formulated as follows:

u = (mc +mp1 +mp2)ẍ0 +(mp1r1 +mp2L1)cos(ϕ1)ϕ̈1

+mp2r2 sin(ϕ2)ϕ̈2

− (mp1r1 +mp2L1)sin(ϕ1)ϕ̇
2
1 −mp2r2 sin(ϕ2)ϕ̇

2
2

0 = (mp1r1 +mp2L1)cos(ϕ1)ẍ0 +(mp1r2
1 +mp2L2

1 + J1)ϕ̈1

+mp2L1r2 cos(ϕ1 −ϕ2)ϕ̈2 +mp2L1r2 sin(ϕ1 −ϕ2)ϕ̇
2
2

− (mp1r1 +mp2L1)gsin(ϕ1)

0 = mp2 r2 cos(ϕ2)ẍ0 +mp2L1r2 cos(ϕ1 −ϕ2)ϕ̈1

+(mp2r2
2 + J2)ϕ̈2 −mp2L1r2 sin(ϕ1 −ϕ2)ϕ̇

2
1

−mp2r2gsin(ϕ2)

These equations can also be represented in matrix form as:

D(ϕ)ϕ̈ +C(ϕ, ϕ̇)ϕ̇ +G(ϕ) = Hu (7)

where:

D(ϕ) =

 ρ1 ρ2 cos(ϕ1) ρ3 cos(ϕ2)
ρ2 cos(ϕ1) ρ4 ρ5 cos(ϕ1 −ϕ2)
ρ3 cos(ϕ2) ρ5 cos(ϕ1 −ϕ2) ρ6


C(ϕ, ϕ̇) =

0 −ρ2 sin(ϕ1)ϕ̇1 −ρ3 sin(ϕ2)ϕ̇2
0 0 ρ5 sin(ϕ1 −ϕ2)ϕ̇2
0 −ρ5 sin(ϕ1 −ϕ2)ϕ̇1 0


G(ϕ) =

 0
−ρ2gsin(ϕ1)
−ρ3gsin(ϕ2)

; H =
[
1 0 0

]T .

Here, the constants p1 through p6 are defined as follows:

ρ1 = mc +mp1 +mp2 , ρ2 = mp1r1 +mp2L1, ρ3 = mp2r2

ρ4 = mp1r2
1 +mp2L2

1 +J1, ρ5 = mp2L1r2, ρ6 = mp2r2
2 +J2

These constants correspond to combinations of the cart
and pendulum masses, geometric dimensions, and moments
of inertia, and are used to simplify the compact matrix
representation of the system dynamics.

The system’s acceleration can be expressed as:

ϕ̈ =−D−1(ϕ)C(ϕ, ϕ̇)ϕ̇ −D−1(ϕ)G(ϕ)+D−1(ϕ)Hu (8)

To facilitate control design, the nonlinear dynamic behavior
of the system can alternatively be represented in a state-space
form as:
ẋ1(t) = x2(t)

ẋ2(t) = f0(x)+g0(x)u(t)

ẋ3(t) = x4(t)

ẋ4(t) = f1(x)+g1(x)u(t)

ẋ5(t) = x6(t)

ẋ6(t) = f2(x)+g2(x)u(t)

(9)

where fi(x) and gi(x) (for i = 0,1,2) are nonlinear functions
representing the system dynamics, x = [x1,x2,x3,x4,x5,x6]

T is
the state vector, and u(t) is the control input.

         
          
        
         
  

      
   

            
        
        
         
         
           
 

Section  2  presents  the  mathematical  modeling  of  the  double  
inverted  pendulum  system.  Section  3  describes  the  design  of  the  
DB-SMC  controller  in  detail.  Section  4  provides  simulation  
results.  Finally,  Section  5  concludes  the  paper  and  suggests 
future  research  directions.

2.  Mathematical  modeling  of  the  double
inverted  pendulum  system

  The  double  inverted  pendulum  on  a  cart  is  an  inherently 
unstable  and  highly  nonlinear  system,  often  utilized  to  
test  advanced  control  strategies.  To  simplify  the  modeling  
procedure,  minor  factors  such  as  air  resistance  and  frictional  
forces  are  neglected,  leading  to  an  idealized  mechanical  system  
composed  of  a  cart  and  two  inverted  pendulums  as  depicted  in  
Figure  1.
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Hình 2: Overall structure of the DB-SMC-controlled double inverted
pendulum system.

Controlling a double inverted pendulum on a cart is
a challenging task due to its highly nonlinear nature,
underactuated structure, and inherent instability. Classical
control strategies, such as Linear Quadratic Regulator (LQR)
or traditional Sliding Mode Control (SMC), often exhibit
limitations when it comes to dynamic decoupling and
robustness against model uncertainties or external disturbances.

To overcome these limitations, this work adopts the
Decoupled Backstepping Sliding Mode Control (DB-SMC)
approach. This hybrid control strategy merges the systematic
design benefits of backstepping with the strong robustness
properties of sliding mode control. DB-SMC enables effective
decoupling of the system’s nonlinear dynamics, facilitating
the design of individual controllers for each subsystem while
ensuring overall system stability and disturbance rejection. As
a result, this method provides enhanced control performance
for the complex dynamics of the double inverted pendulum
system.

The tracking error associated with the cart displacement is
denoted by e0, e1 for the angle of pole 1 and e1 for the angle of
pole 2 as

e0(t) = x1(t)− yd0

e1(t) = x3(t)− yd1

e2(t) = x5(t)− yd2

(10)

Taking the time derivatives of these errors yields:

ė0(t) = ẋ1(t)− ẏd0 = x2(t)− ẏd0

ė1(t) = ẋ3(t)− ẏd1 = x4(t)− ẏd1

ė2(t) = ẋ5(t)− ẏd2 = x6(t)− ẏd2

(11)

Considering a Lyapunov function candidate

VD1(e) =
1
2

e2
2(t) (12)

and differentiating it yields:

V̇D1(e) = e2(t)ė2(t) = e2(t)(x6(t)− ẏd2) (13)

To proceed with the DBSMC framework, three sliding surfaces
are introduced:

s0(t) = c0e0(t)+ ė0(t)

s1(t) = c1e1(t)+ ė1(t)

s2(t) = c2e2(t)+ ė2(t)
(14)

where c0 , c1 and c2 are real positive constants.
Due to x6(t)− ẏd2 = s2 − c2e2(t) so:

V̇D1(e) = e2(t)s2(t)− c2e2
2 (15)

V̇D1(e) =−c2e2
2(t) is negative definite if and only if s2(t) = 0.

Therefore, to ensure the stability of the DBSMC system, an
extended Lyapunov function is selected for the next design
step, defined as:

VD2(e) =VD1(e)+
1
2

s2
2(t) (16)

Taking the time derivative of Eq.(15) and substituting Eq.(8)
yields:

V̇D2(e) = V̇D1(e)+ s2(t)ṡ2(t)

= e2(t)s2(t)− c2e2
2(t)

+ s2(t)( f2(x)+g2(x)uD(t))

+ s2(t)(c2ė2(t)− ÿd2).

(17)

To guarantee that V̇D2(e) is negative definite, the decoupled
backstepping control law is selected as follows:

uDeq(t) =
1

g2(x)

(
− f2(x)− e2(t)− c2ė2(t)

)
+

1
g2(x)

(
ÿd2 − c3s2(t)

)
.

(18)

where c3 is a positive real constant. To guarantee system
stability, the switching control law can be formulated as
follows:

uDsw(t) =− 1
g2(x)

C sign(s2(t)). (19)

in which C is real positive constant.
The control law uD(t) is defined by combining the control laws
from Eq. (17) and Eq. (18)

uD(t) = uDeq(t)+uDsw(t). (20)

Substituting Eq. (19) into Eq. (16) results in:

V̇D2(e) =−c2e2
2(t)− c3s2

2(t)−C|s2(t)| ≤ 0.

Thus, the Lyapunov stability condition is satisfied.
To design a decoupled controller, a virtual sliding surface

sd1 can be considered as follows:

sd1(t) = c1(e1(t)− zD1)+ ė1(t) (21)

where zD1 is an intermediate value derived from s0 and is
defined as follows:

zD1(t) = sat

(
s0(t)
∆Dz1

)
zDu1 , 0 < zDu1 < 1 (22)

3.  Control  design  approach

  To  provide  a  clearer  understanding  of  the  proposed  system 
and  control  architecture,  Figure  2  presents  a  structural  diagram
of  the  double  inverted  pendulum  on  a  cart.  This  diagram 
illustrates  the  dynamic  interaction  among  the  system  states  and 
highlights  how  the  controller  intervenes  to  maintain  balance 
and  ensure  stability.
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where zDu1 represents the upper bound of zD1(t), and ∆Dz1
is a constant that defines the boundary layer width. The
parameter ∆Dz1

serves to scale s0(t) into an appropriate range
for influencing e1(t).

An additional decoupled controller is designed to describe
the effect of the selected virtual sliding surface sd1 on the
sliding surface s2.

sd2(t) = c2(e2(t)− zD2)+ ė2(t) (23)

where zD2 is an intermediate value transferred from sd1 and is
defined as follows:

zD2(t) = sat

(
sd1(t)
∆Dz2

)
zDu2 , 0 < zDu2 < 1 (24)

where zDu2 denotes the upper bound of zD2(t), and ∆Dz2
is a

constant that defines the boundary layer width. The parameter
∆Dz2

is used to scale sd1(t) into a suitable range for controlling
e2(t). where Φs is the boundary layer of s2 to smooth, Φs
transfers s2 to the proper range of x1, and the definition of
sat(·) function is the same as (10). Notice that z is a decaying
oscillation signal because z1 is a factor less than one.

As sd1 decreases, zD1 decreases, too. When sd1 → 0, then
zD1 → 0 in (21), when sd1 → 0, then zD2 → 0, then sd2 → 0 and
the control objective can be achieved.

Finally, we obtain the control law for the DBSMC method.

uD(t) =
1

g2(x)
(− f2(x)− e2(t)− c2ė2(t))

+
1

g2(x)
(ÿd2 − c3sd2(t))

− 1
g2(x)

C sign(sd2(t)).

(25)

ValueDescriptionUnitSymbol

mc 0.8Cart masskg
mp1 0.5Mass of the first pendulumkg
mp2 0.3Mass of the second pendulumkg
L1 0.3Length of the first pendulumm
L2 0.2Length of the second pendulumm
J1 kg ·m2 0.006Inertia of the first pendulum
J2 kg ·m2 0.006Inertia of the second pendulum

mg /s2 9.8Gravitational acceleration

(a) Cart Position

(b) Cart Velocity

Hình 3: Position and velocity of the cart.

The simulation is conducted using the DIPC system
parameters listed in Table 1, with the initial conditions set
as x0 = 0 m, ϕ1 =

π

12 rad, and ϕ2 = 0.1 rad.

(a) Angle of the first pendulum

(b) Velocity of the first pendulum

Hình 4: Angle and velocity of the first pendulum.

Figure 3 illustrates the cart’s position and velocity responses
over time. As shown in Figure 3(a), the cart position initially

4.  Simulation  results

  The  controller  parameters  used  in  the  simulation  are  
selected  to  ensure  system  stability  and  effective  performance  
under  the  DB-SMC  strategy.  Specifically,  the  sliding  surface  
coefficients  are  set  as  c0  =  0.2,  c1  =  1,  c2  =  6.5,  and  c3  =  1.
The  gain  of  the  switching  control  component  is  chosen  as  C  =
6,  while  the  saturation  boundary  parameter  is  defined  as  ∆  =  5.
In  the  design  of  the  virtual  control  surfaces,  the  boundary  layer 
widths  are  set  to  ∆Dz1  =  ∆Dz2  =  5,  and  the  upper  limits  for  the
saturation  functions  are  specified  as  zDu1  =  zDu2  =  0.92.  These  
parameter  values  are  tuned  to  balance  control  performance,
robustness,  and  smoothness  of  the  system  response.

Table  1  lists  the  physical  parameters  of  the  double  inverted
pendulum  on  cart  (DIPC)  system  used  in  the  simulations.

Bảng  1:  Parameters  of  DIPC.
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experiences a noticeable overshoot before gradually converging
to the desired reference position. Figure 3(b) shows that the
cart velocity exhibits a rapid initial decrease, followed by
minor oscillations, and stabilizes near zero after approximately
3 seconds. These results demonstrate that the controller
successfully stabilizes the cart, although further tuning could
help minimize the overshoot and improve convergence speed.

Figure 4 presents the dynamic response of the
first pendulum in terms of angular displacement and
angular velocity. As shown in Figure 4(a), the angle
of the first pendulum exhibits a small overshoot before
gradually stabilizing around the equilibrium position within
approximately 3 seconds. In Figure 4(b), the corresponding
angular velocity initially fluctuates but reaches a steady-
state condition around the 2-second mark, indicating effective
damping and convergence.

(a) Angle of the second pendulum

(b) Velocity of the second pendulum

Hình 5: Angle and velocity of the second pendulum.

Hình 6: Control Signal.

Figure 5 illustrates the response of the second pendulum.
In Figure 5(a), the angle stabilizes after a short transient phase, Hình 7: Position of cart when change parameters.

settling  to  its  steady-state  value  around  4  seconds.  The  angular 
velocity  shown  in  Figure  5(b)  demonstrates  rapid  convergence
with  minor  oscillations,  achieving  stability  approximately  2.5 
seconds  after  the  control  is  applied.  These  results  confirm  the 
controller’s  ability  to  regulate  the  pendulum  dynamics  with  
minimal  steady-state  error  and  acceptable  transient  behavior.
Figure  6  illustrates  the  control  input  applied  to  the  system
over  time.  At  the  start,  the  control  signal  exhibits  a  sharp  
peak  reaching  approximately  25  N,  reflecting  the  controller’s 
rapid  response  to  the  system’s  initial  imbalance.  Following  this 
initial  surge,  the  control  effort  quickly  decreases  and  settles 
into  a  nearly  constant  value  with  minimal  oscillations.  This 
behavior  highlights  the  effectiveness  of  the  proposed  DB-SMC  
controller  in  achieving  fast  corrective  action  while  maintaining  
system  stability  and  control  efficiency  during  steady-state 
operation.

5.  Robustness  analysis

5.1  Effect  ofparametervariations

  The  Figure  7  illustrates  the  position  of  the  cart  over 
time  with  changes  in  the  mass  parameters.  The  position
of  the  cart  stabilizes  quickly  within  2-3  seconds  for  all  
mass  configurations,  indicating  that  the  system’s  response 
is  fast  and  efficient.  Despite  changes  in  the  masses  of  
the  cart  and  pendulums  (mc,  mp1 ,  mp2)  the  stable  position
remains  largely  unaffected,  showing  that  the  system  has  strong  
robustness  against  parameter  variations.  The  convergence  time 
is  almost  unaffected  across  different  mass  configurations,
further  highlighting  the  effectiveness  and  stability  of  the  control  
system.Although  there  are  slight  differences  in  the  transient 
process,  these  oscillations  decrease  quickly,  and  the  system 
remains  stable.

  The  angle  of  the  first  pendulum  in  Figure  8  stabilizes  
quickly  across  all  mass  configurations,  with  minimal
differences  in  the  final  stable  position.  The  change  in  mass
(mc,  mp1 ,  mp2)  has  little  impact  on  the  stable  angle,  which 
converges  near  0  rad.  The  system’s  convergence  time  is  around  
2-3  seconds.  The  transient  response  in  Figure  8  shows  initial  
oscillations  before  the  system  reaches  the  stable  state.

  The  angle  of  the  second  pendulum  in  Figure  9  stabilizes  
quickly  within  about  2-3  seconds,  with  minimal  difference
in  the  final  position  across  mass  configurations.  The  mass
changes  (mc,  mp1 ,  mp2 )  have  little  effect  on  the  stable  angle.
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Hình 8: Angle of the first pendulum when change parameters.

Hình 10: Cart position with varying initial pendulum angles.

The inverted pendulum system on the cart using the
Decoupled Backstepping Sliding Mode Control controller in
Figure 10 shows relatively significant oscillations during the
transient phase, especially with larger changes in the tilt angle
(ϕ1 = π/8 rad). When the initial angles ϕ1 and ϕ2 are larger,
the convergence time of the cart is longer, around 9-10 seconds.
This convergence time indicates that the controller effectively
adjusts the system to bring it to a stable state. However, the
larger oscillations in cases with higher ϕ1 demonstrate the
system’s sensitivity to changes in input conditions.

Hình 11: Angle of first pendulum with varying initial pendulum
angles.

The Figure 11 shows the angle of the first pendulum when
the initial values are changed. The system exhibits moderate
oscillations during the transient phase, but it stabilizes quickly
within approximately 3–4 seconds. The convergence time for
all cases is nearly the same, indicating that the Decoupled
Backstepping Sliding Mode Control (DBSMC) controller is
effective in stabilizing the system. The differences between
the curves are mainly due to changes in the initial tilt angle
(ϕ1), but they do not significantly affect the convergence time.
The controller successfully drives the system to convergence
despite changes in the input conditions.

Hình 12: Angle of second pendulum with varying initial pendulum
angles.

The Figure 12 shows the angle of the second pendulum
when the initial values are varied. The angle of the second
pendulum exhibits relatively small oscillations during the
transient phase, with the system stabilizing quickly within
about 2 seconds. The convergence time is consistent across
all initial conditions, reaching a stable value near zero. The
oscillations are minimal, even with varying initial angles
(ϕ1 = π/8 rad and ϕ2 = 0.15 rad). Overall, the Decoupled
Backstepping Sliding Mode Control (DBSMC) efficiently
stabilizes the system with very little oscillation, demonstrating
strong robustness to initial condition variations.

5.3 Robustness against Actuator Disturbance

The Figure 13 shows the position of the cart when
the control signal is affected by disturbance. The system
experiences significant oscillations in the initial phase but then
stabilizes at a position close to 0.3 m. However, the disturbance

Hình  9:  Angle  of  the  second  pendulum  when  change  parameters.

5.2  Effect  ofinitial  conditions
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causes small oscillations around the stable position throughout
the process, indicating that the system is still affected by the
disturbance even after stabilizing.

Hình 13: Effect of actuator disturbance on cart position.

Hình 14: Effect of actuator disturbance on angle of the first pendulum.

The Figure 14 shows the angle of the first pendulum
when the control signal is affected by disturbance. The system
experiences significant initial oscillations, then stabilizes
around 0 rad after 2 seconds, with small oscillations continuing
around the stable value. The disturbance causes high-frequency
oscillations, but the system eventually stabilizes.

Hình 15: Effect of actuator disturbance on angle of the second
pendulum.

The Figure 15 illustrates the angle of the second pendulum
when the control signal is influenced by disturbance. Similar
to the first pendulum, the system stabilizes around 0 rad after a
short transient period.

NMAE =
1
n

n

∑
i=1

|yi − ŷi|
ymax − ymin

(26)

Normalized Root Mean Square Error (NRMSE): Quantifies
the root mean square error, normalized by the data range.

NRMSE =

√
1
n ∑

n
i=1(yi − ŷi)2

ymax − ymin
(27)

• yi: Actual value at the i-th data point
• ŷi: Predicted value at the i-th data point
• ymax: Maximum value among all actual values
• ymin: Minimum value among all actual values
• n: Total number of data points.

Bảng 2: Comparison of LQR and DBSMC methods.

Parameter Method NMAE NRMSE

x0
LQR 0.126060 0.315009

DBSMC 0.074983 0.218164

ϕ1
LQR 0.074493 0.225001

DBSMC 0.062164 0.209502

ϕ2
LQR 0.082331 0.232393

DBSMC 0.067422 0.210998

The results are summarized in Table2. For the cart position
(x0), DBSMC achieves an NMAE of 0.074983 and an NRMSE
of 0.218164, representing a 40.5% reduction in NMAE and
a 30.8% reduction in NRMSE compared to LQR (NMAE:
0.12606, NRMSE: 0.315009). For the pendulum angles,
DBSMC also demonstrates superior performance: for ϕ1,
NMAE is 0.062164 and NRMSE is 0.209502, while for
ϕ2, NMAE is 0.067422 and NRMSE is 0.210998, showing
improvements of 24.5% and 18.1% in NMAE, and 10.8%
and 9.2% in NRMSE over LQR (NMAE: 0.082331, NRMSE:
0.232393 for ϕ2).

These results highlight the robustness and adaptability of
DBSMC, particularly in maintaining stability under dynamic
conditions. The significant error reductions suggest that
DBSMC offers a more effective control strategy for the double
inverted pendulum system. Future research should explore its
computational efficiency and real-time performance to further
validate these findings.

6.  Comparative  analysis

  To  ensure  a  fair  and  comprehensive  evaluation,  the 
comparative  analysis  of  the  Decoupled  Backstepping  Sliding 
Mode  Control  (DBSMC)  and  the  Linear  Quadratic  Regulator
(LQR)  methods  for  the  double  inverted  pendulum  on  a  cart 
is  conducted  under  identical  initial  conditions  and  parameter 
settings.  Both  methods  are  tested  with  the  same  starting  states
for  the  cart  position  (x0)  and  pendulum  angles  (ϕ1  and  ϕ2),  as  
well  as  consistent  system  parameters,  including  mass,  length,
and  damping  coefficients.  This  controlled  setup  allows  for  a
direct  assessment  of  their  performance  using  two  key  metrics:
Normalized  Mean  Absolute  Error  (NMAE)  and  Normalized 
Root  Mean  Square  Error  (NRMSE),  which  reflect  the  accuracy 
and  stability  of  each  control  strategy.
  Normalized  Mean  Absolute  Error  (NMAE):  Measures 
the  average  absolute  error,  normalized  by  the  data  range.
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7. Conclusion

This paper presented a Decoupled Backstepping Sliding
Mode Control (DB-SMC) strategy for stabilizing a highly
nonlinear and underactuated double inverted pendulum on
a cart (DIPC). The proposed control scheme effectively
combines the robustness of sliding mode control with the
systematic design approach of backstepping, while introducing
virtual control surfaces to decouple the system dynamics.

Through Lyapunov-based stability analysis, the control law
was shown to guarantee convergence and robustness in the
presence of external disturbances and modeling uncertainties.
Simulation results validated the performance of the controller,
demonstrating its ability to stabilize the cart and both
pendulums with fast response, minimal overshoot, and strong
disturbance rejection.

The DB-SMC approach proves to be a promising solution
for complex nonlinear systems, particularly those with multiple
degrees of instability and coupled dynamics. Future work may
explore the extension of this method to adaptive or observer-
based variants, as well as its experimental validation on real-
time embedded platforms.
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